Thermodynamic potentials in the Landau theory are shown to be under a certain artificial restriction as to their symmetry properties. A new phenomenological theory which has not this fault is proposed and applied to some symmetry problems. It is concluded that there are 116 nonmagnetic species of phase transi. tions which can be of second order with no multiplication of the lattice constant. The new theory alters the faintness indices and the orders of state shift in Aines theories. Contradictions between experimental results and theoretical predictions in the phase transition of Boracite are solved by the present theory.
§1. Introduction Though the Landau" theory or phase transition is only an approximation, it has been believed that the theory gives right qualitative descriptions as to the symmetry properties. The present paper, however, clarifies that the Landau theory imposes a too severe restriction on the symmetry properties of thermodynamic potentials.
Let us consider a crystal with density #0 whose symmetry is Go. We assume that it transforms into a crystal with density p= p0+6p where d E cePi (1) is a linear combination of the base functions of a certain d-dimensional irreducible representation F of the group Go (other than the identity representation). We will use the notation T12 E(2) The definition in eq. (2) has an ambiguity about the sign of i and yi. We will define that q takes only plus sign, because this definition has a convenience that ri coincides with the radial component r of the polar coordinate system. It should be noticed that our definition contradicts the ordinary usage of ft in onedimensional case when I is regarded to take both signs.
Since eq. (3) is an ordinary Taylor's expansion, it is based on the assumption that 0 is analytic at the origin of the representation space. This assumption can be divided into the following two parts.
(a) 0 can be expanded into a power series of 1.
(b) The coefficient of q' is a linear combination off (")(yi). Since ri is the radial component of the vector c and yi is its directional cosine along the i-th axis, (a) states the dependence of 0 on the magnitude of the vector c in the representation space, while (b) means that the magnitudedependence has a close relation with its orientation-dependence. As far as we want to form phenomenological theories which attribute the characteristic features of 0 to the behavior of a few coefficients of q", we must accept the con-dition (a) by all means. However, the necessity of the condition (b) is not obvious and should be investigated closely.
As an example of transition parameter, let us take an £ representation of the point group 422. In' this equation we see that cos 4m0 can not become a coefficient of r" where n is smaller than 4m. This means that the contour of equipotential becomes simpler and simpler as it approaches the origin and reduces to a circle at last. Then a question arises why the following 42's are not allowed. 
In these equations cos 40 and cos 80 appear in the coefficient of r2 and r4 respectively and therefore these 4's are forbidden in the Landau theory. Equipotential lines of these O's are shown in Fig. 1 (a) and (b). Apparently they satisfy the symmetry of the point group and are continous and smooth everywhere. Stability at the origin is also assured if the coefficients such as A0, A1, CO, C1, • have an appropriate value. Therefore they have no fault physically and may be often found in the nature. Hence we see that the condition (b) imposes a too severe limitation on the orientation-dependence of the coefficient of We can not underestimate this limitation, for it excludes the possibility of second-order transitions of many species. For example let us consider the transition from the point group 422 to 1 by the E representation. The stable point of • must move into one of the eight directions as drawn in Fig. 2(a) and (b) from the origin accompanying with the transition. The order of the transition is either second or first, according as this movement is performed either continuously or discontinuously. The directions into which the stable points should move continuously depend on where the contour of the equipotential near the origin elongates at the transition temperature. In Landau's expansion, the coefficient A in eq. (7) vanishes at the transition temperature, so that the contour near the origin is determined by the coefficient of 14 which has always minima in four directions except in the accidental case when C1 is zero. Hence if tib is expressible by Landau's expansion, the continuous movement into one of the eight directions is impossible in general, while the discontinuous transition is possible, for 4' can take lower values at some eight points such as drawn in Fig. 2(a) than at the origin, if G2 has a large enough value. Thus the transition must be of first order so far as the condition (a) and (b) are satisfied.
Obviously such an exclusion of second-order transition in the Landau theory can not be considered to have any physical reasons, because the continuous movement of the stable point is possible as is drawn in Fig. 2(b) , if the coefficient of ri4 contains cos 80 as in eq. (9). Therefore we should construct a theory which allows O's such as written in eq. (8) or (9), by relaxing the condition (b). In §2, this relaxation is performed and a new theory is proposed. In §3, the Landau's condition for a phase transition to be of second order is altered according to the new expansion principle. The necessary and sufficient conditions are given for a phase transition to be of second order in §4, and all the possible species of second-order phase transitions in nonmagnetic crystals are listed up in §5, In §6, the concepts of faintness index and electrical, This can not be expressed in Landau's way. Since the stable point can move continuously from the origin to one of the eight directions shown by the arrows, the phase transition can be of second order .
mechanical, or electromechanical order of state shift in Aines .theories are shown to be changeable, and the thermodynamic potential of Boracite is discussed as an example . In the last section some characteristic features of the new theory are discussed. Masahiko flosovA §2. A New Expansion Method The first problem for the construction of a new expansion is whether such an assumption as (b) in §1 should be removed completely or only relaxed to a certain degree. Reviewing the discussion in §1, we have not a fault in Landau's expansion when F is. a one-dimensional irreducible representation. Therefore it will be convenient to construct a theory which coincides with Landau's one in the case of a one-dimensional representation. This consideration leads to a restriction that a coefficient of I. is either an odd or even function with regard to the transformation from (y" 3•12.* yt) to (-Yi, -Y2,"., -I'd), according as n is odd or even. Under this assumption we find the most simple way to expand the coefficient of tr by using f(m/(yi) in Landau's expansion. Hence the following assumption is adopted instead of (b).
(1?) The coefficient of tr is a linear combination off (1(7i) where m is odd oreven, according as n is odd or even. Now any r"(5i) can become the coefficient of fr +2' where k is an integer such that (m + 2k) (vol. 42, is larger than unity. We get the new expansion as follows.
where we have omitted the first-order term of because it always makes 'P unstable at the origin. The sums with respect to a contain as many terms as independent f(")(y In order to describe 'a phase transition we only need to assume that A0 changes its sign at a certain temperature.
According to a theorem of invariant theory,"" all the f(A)(y I) can be expressed by a polynomial of a few basic invariants. In the case of the crystal point group the basic invariants are composed of (d I) or d f (" )(yi). Let us denote these (d• 1) or d functions by pi or q according as its order is even or odd. All pi and q, are tabulated in Table T . The expansion is carried out by these pi and of as follows.
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where h and I are the numbers of p and q1 respectively. The limitation of the sum with respect to k, t originates from the condi-
(ion (b'). When the basic invariants consist of d functions, they are not independent of each other, but are connected by a certain relation Masahiko flosovA §2. A New Expansion Method The first problem for the construction of a new expansion is whether such an assumption as (b) in §1 should be removed completely or only relaxed to a certain degree. Reviewing the discussion in §1, we have not a fault in Landau's expansion when F is. a one-dimensional irreducible representation. Therefore it will be convenient to construct a theory which coincides with Landau's one in the case of a one-dimensional representation. This consideration leads to a restriction that a coefficient of I. is either an odd or even function with regard to the transformation from (y" 3•12.* yt) to (-Yil -12," -I'd), according as n is odd or even. Under this assumption we find the most simple way to expand the coefficient of tr by using f(R6/(y i) in Landau's expansion. Hence the following assumption is adopted instead of (b).
(1?) The coefficient of tr is a linear combination off (1(7i) where m is odd oreven, according as n is odd or even. 
where we have omitted the first-order term of because it always makes 'P unstable at the origin. The sums with respect to a contain as many terms as independent f(")(7 i). In order to describe 'a phase transition we only need to assume that A0 changes its sign at a certain temperature.
According to a theorem of invariant theory,"" all the f(A)(y I) can be expressed by a polynomial of a few basic invariants. In the case of the crystal point group the basic invariants are composed of (d-I) or df(m)(7i). Let us denote these (d• 1) or d functions by pi or qt according as its order is even or odd. All pi and q, are tabulated in Table T . The expansion is carried out by these pi and of as follows.
• ce Biat +Bog which reduces some of the terms in eq. (11). These relations are also listed in Table I . An abridged form of eq. (11) will be more useful in usual cases, for we can not get the complete information around the whole surface of an arbitrary sphere in the representation space. We should be contented with an abridged form which can express every possible phase transition. The abridged form of is constructed in the following manner using the simplest coefficients of ri2 and /3 which are listed in Table I . (I) r is not the identity representation of G0, but it contains the identity representation of G at least once when it is decomposed into the irreducible representations of G.
We can easily see whether I' satisfies this condition, if we use Frobenius's reciprocity law. The induced character of identity representation is given for an element a of Go as follows. 1 97(0=-E0Axax-1), (13) g..eco where g is the order of G, x is an element of G0, and 01(xax-1) 1=1 (if xax-1 is contained in G).
=0 (if xax'is not contained in G).(14)
The number of times t that r contains the identity representation in G is given as follows. IT.,G ..."4. t =-Luikargro(a), (15) go aeGo , .
where go is the order of G0, and Or(a) is the complex conjugate of the character of F. (II) When I' contains the identity representation of G t times, it does not contain the identity representation I times in any group which contains G as a subgroup. (Curie's principle') Curie's principle states that an influence (appearance of Op) to a crystal with symmetry Go results in the highest common subgroup of Go and the influence. Therefore G must be the highest common subgroup of Go and the appearance of op..
For example let us assume that Go and I' are the point group 622 and its E2 representation Besides these conditions. there was one more condition which requires that the antisymmetric square of I' must not contain the irreducible representation by which the components of a vector are transformed. However this condition was shown to be unnecessary by Hass." §5. Possible Species of Second-Order Phase Transition
The definition of species for phase transitions was introduced by Aizu,6-9) and the number of species which can be of second order with no multiplication of the lattice constant was determined by Aize6 -9) and Shuvalov.'" Since their determination is based on the Landau theory, it should be re-examined from the new point of view.
We will follow Aizu's notation of species except that species should be distinguished if their transition parameters belong to different irreducible representations though their point groups are the same in the corresponding phases. In order to distinguish the two species stated above, we add the notation of the irreducible representation of the transition parameter in parenthesis behind the notation of Aizu's species such as 432F2(s)(T,) or 432F2(s)(T2). When no ambiguity exists, we omit it for simplicity.
Applying the three conditions in §4 to all the species of nonmagnetic crystals, we find that the possible species of second order phase transition are 116 which are listed in Table II . §6. Faintness Index and Order of State Shift
The new expansion method affects also the order of coupling between two physically different quantities in 0. (In previous sections 0 is assumed to be composed of an irreducible representation of the crystal point group only, but, of course, our theory holds in more general case.)
Aizu") defined a faintness index as the order of coupling between the. microscopic transition parameter and a macroscopic physical quantity such as electric polarization or mechanical strain. In order to consider this problem in a general form, let us introduce another irreducible representation 1" and expand by I' and r. The corresponding quantity of F^ to is denoted as 6, or Then 0 in the Landau theory is composed of such terms as
'where f°' i s an invariant of m-th and n-th order with respect to yi and respectively. Faintness index is the smallest number of n for m 1. In our new theory f 41) may become a coefficient of any like if the parities of In and n coincide with those of k and I respectively, by the analogous consideration to that of §2. Thus if an invariant f" with odd n exists, the 
On the other hand experimental results") suggested the existence of the bilinear term of the transition parameter and the electric polarization. This contradiction is easily solved by the new expansion method.
The new thermodynamic potential should contain the term airtiC2+212COP.+(iii2C1+ 2,1FC2)P,±(2,/1C1 "1n2C2)P,.
1H-•11+tii+0"2
This term can be regarded to be bilinear as regards the magnitude of the transition parameter and the electric polarization. §7. Discussion The thermodynamic potential P which is constructed by the new expansion method has the following features.
(1) 0 is continuous and smooth everywhere in the representation space.
(2) 0 is expressible by power series along any straight line passing through the origin. All of the derivatives such as aoiaci, e2o. aci,-• ,andgc7,-• • exists, but the ones such as a2olecioci, Molociod, a,omciacjact,-• need not.
(3) 4, includes Landau's thermodynamic potential as a special case, and especially the thermodynamic potential in one-dimensional case coinsides with Landau's one.
Landau's assumption with 0 is equivallent to that of the traditional crystallography, in which 0 is expanded by power series of the components of electric polarization, mechanical strain etc. Hence, if the new method is neces- 
